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Some constraints for the extensions of the degenerate Ferrari and Iban˜ez solution
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a School of Physics, Nankai University, Tianjin 300071, China
There exist two extensions to the interaction region of the Ferrari and Iban˜ez solution. However,
no one gives the corresponding conditions for each extension. To solve this problem, we have
introduced quantum effects to constrain these extensions and given the corresponding conditions.
By calculation, the Schwarzschild black hole can form after gravitational waves colliding whose
expected energy is small.
I. INTRODUCTION
The theme of colliding plane waves (CPWs) in gen-
eral relativity has established one of the important top-
ics that the effects of the nonlinearity of the Einsteins
equations manifest itself explicitly. The work of CPWs
is not only to find out exact solutions of CPWs but also
make corresponding predictions, such as focusing effect
and the emergence of cosmology constant [1]. In 1971,
Khan, Penrose [2] have proved that the collision of two
impulsive gravitational plane waves produces curvature;
In 1974, Bell and Szekeres [3] have found out a solution
of interacting electromagnetic shock waves which have
no curvature singularities. Thus the theory of colliding
plane waves offers a new method to verify general rela-
tivity. More importantly, CPWs may be the best and
simple way to detect the characteristic of the singularity
which arises due to the non-linearity of the general rela-
tivity. In 1987, Ferrari and Iban˜ez [4] have used soliton
techniques [5] obtaining a class of solutions of the vacuum
Einstein equations which describe the spacetime follow-
ing the collision of two gravitational plane waves. If we
take the special cases of the Ferrari and Iban˜ez solution,
we will naturally get the metric which is locally isometric
to Schwarzschild solution. Yurtsever [6] also came to the
same conclusion but in a different way. Hayward [7], has
considered the relationship between colliding waves and
the black hole. And the stability of these solutions is, of
course, a matter of particular interest. Chandrasekhar,
Xanthopoulos and Yurtsever [8–10] have investigated the
same result that horizon will be destroyed by adding some
perturbation in different two ways, one is that analyzing
the Cauchy horizon and the other is nonlinear perturba-
tion method.
There exist two different extensions in the interac-
tion region of the degenerate Ferrari-Ibanez solution has
aroused wide concern because general relativity does not
similar to the quantum mechanics in which some waves
function can be described in many states but the evolu-
tion of spacetime should only in a one way. As we can
see from the work of Hayward [7], he did not notice this
kind of problem. Our purpose in this paper tries to give
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the constraint to these two different extensions. More-
over, we have noticed that the spacetime described by a
local observer standing in the outer spherical thin shell
can deduce two extensions in different conditions which
we have mentioned above. It inspired us to introduced
quantum effects which may solve the extensions problem.
The contents of this paper are as follows. In Sec.II, we
have presented basically the soliton solution of Ferrari
and Iban˜ez. In Sec.III, we have analyzed the extensions
of the interaction region. In Sec.IV, we have made a
concise summary to the fireworks model. In Sec.V, the
constraints to the extensions is given. In Sec.VI, we have
discussed whether the Schwarzschild black hole can form
by colliding gravitational waves. And the last section is
the conclusion.
II. THE SOLITON SOLUTION OF FERRARI
AND IBANEZ
For the sake of simplicity to introduce the solution of
Ferrari and Iban˜ez, we have taken Yurtesever’s method
to present which easy to understand and one can find
more detail in [11] if you are interesting.
The Schwarzschild metric inside the event horizon is:
ds2 = −(2M
r
−1)−1dr2+
(
2M
r
− 1
)
dt2+r2(dθ2+sin2 θdφ2)
(1)
Noticing the commuting vectors ∂/∂t and ∂/∂φ are
both space-like, and ∂/∂r is time-like vector.We consider
the change of variables:
r =M(sin(u+ v)+ 1), t = x, θ =
pi
2
+ u− v, φ = y
M
(2)
In this coordinate transformation, the metric (1) has
become:
ds2 = −M−2(sin(u+ v) + 1)2dudv + 1−sin(u+v)1+sin(u+v)dx2 +
(sin(u+ v) + 1)2 cos2(u− v)dy2 (3)
For simplicity we can also introduce the transformation
for the above equation
u =
λ− ψ√
2
, v =
λ+ ψ√
2
(4)
As we can see from the Eqs.(2,4), the time-like and
space-like killing vector are respectively ∂/∂ψ and ∂/∂x,
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FIG. 1. The space-time of CPWs is separated into four valid
regions. A pair of gravitational waves initially collided with
r = M and the interaction region IV reaches its maximum
area at r = 2M .
∂/∂y, ∂/∂λ. In the work of Ferrari Iban˜ez [4] , we have
known that ψ range is from 0 to pi/2 and the metric (1)
which is the interaction region of the degenerate Ferrari
Iban˜ez solution.
From the Eq.(2), we can easily get that M ≤ r ≤ 2M .
The range of r implied the interaction region is isometric
to a Schwarzschild white hole inside the horizon. The
others regions which describe the gravitational waves and
the background can be obtained by doing a substitution
to the metric (3). The substitution is that u → uH(u) ,
v → vH(v) where H(x) means the Heaviside step function
and put u ≡ au′, v ≡ bv′ ,where 1/ab = 2M2. Last, we
have redefined u′ → u and v′ → v. By taking above
substitution, we have obtained:
ds2 = −2 (1 + sin (auH(au) + bvH(bv)))2 dudv +
1−sin(auH(au)+bvH(bv))
1+sin(auH(au)+bvH(bv))
dx2 + (5)
(1 + sin(auH(au) + bvH(bv))2 cos2 (auH(au)− bvH(bv)) dy2
Eq.(5) has contained four regions: when 0 < u <
pi/2a, v < 0, Eq.(5) describes the metric of the gravi-
tational wave; when u < 0, 0 < v < pi/2b, it describes the
other gravitational wave coming from the opposite direc-
tion; when u < 0, v < 0, it represents the Minkowski
space-time; when 0 < u < pi/2a, 0 < v < pi/2b, it recov-
ers to the Eq.(3). The four regions are depicted in Fig.1,
and we have shown the whole process in the Fig.2.
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FIG. 2. (a) depicts two plane gravitational waves propagat-
ing in the opposite directions. It is important to note that
the impulsive gravitational waves can be regarded as a thin
sandwich wave in a suitable limit as the thickness goes to
zero [12]. Gravitational waves on the left, its metric is called
region II. On the other side, it is called region III. And the
background of these two gravitational waves is called region
I. (b) portrays that two gravitational waves is colliding and
its interaction region or interaction is call region IV.
III. SOME EXTENSIONS OF THE
INTERACTION REGION
Actually, in the degenerate Ferrari and Iban˜ez solution,
we cannot know the spacetime structure when ψ > pi/2.
It is natural to find some appropriate extensions to this
solution. Hayward [7] has suggested some extensions,
such as taking time reverse as an extension and extension
of the Schwarzschild exterior. However, we have confused
that which extensions should we take.
In the process of CPWs, we always admit gravitational
waves have energy and energy-flux density should con-
serve. As a result, when the time reaches the r = 2M ,
all the energy only exists at the event horizon in the de-
generate Ferrari and Iban˜ez solution leaving any energy
in the past. This is an interesting conclusion because
some people argue that traditional Schwarzschild white
holes should continuously but not instantaneously throw
away all its matter to outside, and the conclusion we
have analyzed do not support this argument. Thus we
can consider the Eq.(3) at the ψ = pi/2 as a model of a
spherical thin shell of zero-rest-mass matter (light shell).
Naturally, the evolution of the interaction region from
ψ = 0 to ψ = pi/2 can be regarded as heating (absorbing
gravitational waves ) and expanding spherical thin shell
and stop heating and expanding at ψ = pi/2.
Heuristically, we can consider that a local observer
stands in the surface of an outer spherical thin shell. The
observer can only describe the outside of spherical thin
shell spacetime geometry which is the Schwarzschild solu-
tion. However, when the radius of the thin shell is smaller
than the ψ = pi/2, the observer can only describe his
neighborhood geometry. In other words, the spacetime
geometry described by the observer is the Schwarzschild
exterior solution when the radius is larger than ψ = pi/2,
and it also can be the Schwarzschild interior solution
when the radius is smaller than ψ = pi/2. The space-
time described by the observer have contained two solu-
3tions but in the different condition which may solve the
problem of the extension which we have mentioned.
If we take the extension of time reverse, the space-
time also can be described by the thin shell model which
collapsed and exothermal (radiating gravitational waves)
beginning at ψ = pi/2 and end at ψ = 0. We will expect
that the thin shell model can also apply to the exten-
sion of the Schwarzschild exterior so that we can give
exact condition for each extension. Unfortunately, when
we take the extension of the Schwarzschild exterior, the
spacetime cannot be represented by the thin shell model.
Because the thin shell model wants to represent this ex-
tension must be stationary or located at the outside of
the horizon but the thin shell will spontaneously collapse
which does not represent the Schwarzschild exterior but
the extension of time reverse.
The key point is that the thin shell will collapse into the
horizon. At first glance, it is impossible to take the exten-
sion of the Schwarzschild exterior, however, in recently,
Haggard-Rovelli proposal for a model of bouncing black
hole [13–15] (the Penrose diagram of bouncing black hole
is shown in the Fig.3), which argue that quantum gravi-
tational effects can be accumulated with “time” and leak
outside ψ = pi/2, thus the null shell could bounce to
the outside of horizon. Nevertheless, we have considered
Haggard-Rovelli proposal, the thin shell model still can-
not apply to the extension of Schwarzschild, because the
shell is located at the event horizon which will collapse
unavoidably.
Miquel Dorca and Enric Verdaguer have considered
quantum field interacting with colliding plane gravita-
tional waves [16–18], and they have proved that the in-
teraction region also has Hawking radiation. Heuristi-
cally, we can take Hawking radiation and bouncing black
hole both into account to the model we have built. Ex-
citingly, the thin shell model can represent the extension
of Schwarzschild exterior, because the thin shell does not
exist event horizon after radiation and the shell will be
still located at the ψ = pi/2.
IV. A BRIEF OVERVIEW OF BLACK HOLE
FIREWORKS
In this section, we will give some important equations
in the black hole fireworks model which we will use in the
next section and you can see more detail in the work of
Haggard-Rovelli [14].
Their works have depicted a physical process that the
null shell collapses and bounces caused by the quantum
effects. Fig.3 has depicted a Penrose diagram for the
black hole fireworks model. They argue that quantum
effects can appear at a radius (∆ = M3 )
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FIG. 3. The Carte-Penrose diagram of the fireworks model.
The union B ≡ F+ ∪F− ∪Q− ∪Q+ constitutes the quan-
tum region. The point ε is the first moment reaching the
quantum region and the point ∆ is the maximal extension of
quantum region. The black dashed line represent the event
horizon and the region V is a trapped region. The blue lines
represent the trajectory of a null shell. Region I and IV rep-
resent the Minkowski spacetime; Region II and III represent
Schwarzschild spacetime.
after a proper time
τ = 2k
M2
lP
(7)
where lP is the Planck length and k =
54
77/2
. There exist
two observers in the spacetime, one at the centre r = 0
of the fireworks model and the other located in the r =
R > 2m, so the duration of the bounce measured outside
and measured inside to be
τ =
√
1− 2M
R
(
2R− 8M ln ν0 + 4M ln R− 2M
2M
)
− 2R
(8)
where ν0 is a constant and determined by the position of
the bounce. Moreover, the parameter ε is to be the order
ε ∼
(
M
m3P
) 1
3
lP (9)
where mP is the Planck mass.
4V. CONSTRAINTS FOR EACH EXTENSIONS
The first constraint for the extensions is that if the
interaction region does not radiate any particles or
P = e−8piMω ≪ 1 (10)
where P is the probability of the Schwarzschild black hole
radiating a particle with mass ω, we only can select the
extension of time reverse.
In the time reverse solution, we always can consider
quantum effects which break the time-symmetry and set
the point ε > m where the point ε is the first moment
reaching in the quantum region where the Einstein equa-
tions are violated,
0 < M < ε (11)
that is M <
√
l3P
m3P
M > 0
(12)
The term
√
l3P
m3P
is a small constant and the Eq.(10)
implies that M is not small. Thus the quantum effects
cannot be considered in this situation and the time re-
verse solution is not destroyed.
A. Constraint after Hawking radiation
If the interaction region radiates a pair of particles with
mass ω, the shell will still locate at the r = 2M and it
will collapse and forms a new horizon at r = 2(M − ω).
When the new horizon has not yet formed, we only can
take the extension of Schwarzschild exterior from the dis-
cussion of Sec.II. After a while (τ1 = 2ω measured by the
inside observer), the thin shell will reach the new hori-
zon, and then the evolution will have many choices. This
kind of revolution is different from the extension of time
reverse because the Hawking radiation has broken the
time-symmetric which can not reverse in natural. There-
fore the thin shell can collapse with exothermal (radiat-
ing gravitational waves) in different degrees, which means
the thin shell can collapse with different masses.
We aim to obtain the conditions corresponding to each
evolution. The best and easy way is to give the wave
function of the thin shell. The thin shell wave packets
can be written as [19, 20]:
Ψκλ(p) =
(2λ)κ+1/2√
(2κ)!
pκ+1/2e−λp (13)
where κ is a positive integer, λ is a positive number with
dimension of length and p stands for momentum. The
expected energy,
Mκλ :=
∫ ∞
0
dpΨ2κλ(p) (14)
that is :
Mκλ =
κ+ 1/2
λ
(15)
And wave packets are normalized.∫ ∞
0
dp
p
Ψ2κλ(p) = 1 (16)
By using Eq.(15), the wave packets can be rewritten to:
Ψκλ(p) =
(2λ)λMκλ√
(2λMκλ − 1)!
pλMκλe−λp (17)
Because all evolutions represent the same process of col-
lapsing but in different expected energy. So that we only
need to decompose the coefficients of the wave function,
then we will get the waves function of all evolutions.
Without loss of generality, we have taken λ = 1. By
taking asymptotic series expansion when Mκλ ≥ 1, then
the Eq.(17) can be rewritten to (have calculated by Maple
2017) :
Ψκλ =
∞∑
n=0
ψn = ψ0 + ψ1 + ψ2 + ψ3 + ... (18)
where
ψ0=
√
2 4
√
pi
4
√
Mκ1
−1
pMκ1e−p (19)
ψ1= − 1
16
√
2 4
√
pi
(
Mκ1
−1
)3/4
pMκ1e−p (20)
ψ2=
√
2 4
√
pi
(
Mκ1
−1
)7/4
512
pMκ1e−p (21)
ψ3=
21
√
2 4
√
pi
(
Mκ1
−1
)11/4
8192
pMκ1e−p (22)
...
The expected energy of Ψn,
Mn :=
∫ ∞
0
dpΨ2n(p) (23)
And we can easily get that
Mn+1 < Mn (24)
and when Mκ1 is large, all the terms can be ignored
except the M0. In particular, we call M0 the expected
energy of the system. The time evolution of the wave
packet can be got by acting Up(t) which is generated by
the function pt. The operator −pˆt has the meaning of
the total energy of the thin shell system [19].
Ψκλ(t, p)֌ Up(t)Ψκλ(p) = Ψκλ(p)e
−ipt (25)
5The coefficients of ψn can be absorbed into the term
e−p and we consider that ψn is independent of each other,
so the operator −pˆt acting on ψn is :
Up(t)ψn(p
(n)) = ψn(p
(n))e−ip
(n)t (26)
Thus Eqs.(19-22) can be rewritten to:
ψ0(t, p
(0))= pMκ1e−p
(0)
eip
(0)t (27)
ψ1(t, p
(1))= pMκ1e−p
(1)
eip
(1)t (28)
ψ2(t, p
(2))= pMκ1e−p
(2)
eip
(2)t (29)
ψ3(t, p
(3))= pMκ1e−p
(3)
eip
(3)t (30)
...
These wave function are orthogonal in time evolution.
〈ψn|ψm〉 :=
∫
ψ∗nψmdt = 0 (n 6= m) (31)
Thus ψn can be interpreted as an eigenstate to the thin
shell with expected energy Mn collapsing and the prob-
ability in state ψn is
Pn ∝ 1
p
|ψn|2 (32)
When Mκλ < 1, we can take the Taylor expansion for
the Eq.(17).
Ψκλ =
∞∑
n=0
ψ′n = ψ
′
0 + ψ
′
1 + ψ
′
2 + ψ
′
3 + ... (33)
where
ψ′0 :=
√
2pi
√
Mκ1p
Mκ1e−p (34)
ψ′1 := −
√
2pi ln(2)Mκ1
3/2
pMκ1e−p (35)
ψ′2 :=
√
2pi
(
pi2 + 6 (ln (2))
2
)
Mκ1
5/2
12
pMκ1e−p (36)
ψ′3 := −
1
12
√
2pi(pi2 ln (2) + 2 (ln (2))3
+ 12 ζ (3))Mκ1
7/2
pMκ1e−p (37)
...
where ζ is the zeta function. Therefore, when Mκ1 is
very small, the expected energy of all eigenstates which
cannot ignore remain ψ′0 and we call it the total expected
energy of the system. We have repeated the calculation,
ψ′0(t, p
′(0))= pMκ1e−p
′(0)
eip
′(0)t (38)
ψ′1(t, p
′(1))= pMκ1e−p
′(1)
eip
′(1)t (39)
ψ′2(t, p
′(2))= pMκ1e−p
′(2)
eip
′(2)t (40)
ψ′3(t, p
′(3))= pMκ1e−p
′(3)
eip
′(3)t (41)
...
From the above eigenstates, we can know that no matter
Mn is too large or too small, the collapse without radia-
tion can only be taken. And the thin shell collapsing with
radiation only appears at the suitable expected energy.
However the large Mn will satisfy the first constraint,
thus the second constraint is that the interaction region
can only take the Schwarzschild exterior solution for the
small expected energy Mn.
VI. CAN THE COLLISION OF
GRAVITATIONAL WAVES FORM BLACK
HOLES?
Whether the colliding gravitational waves will lead to
the formation of black holes is a matter of concern. The
degenerate Ferrari and Iban˜ez solution is the analytical
result for the CPWs, making us believe that the colli-
sion of gravitational waves can form a black hole. In
the first constraint, the interaction region will not form
a Schwarzschild black hole but the time reverse of the
colliding process. More importantly, the whole process
lasts for a short time which cannot detect. In the sec-
ond constraint, if the thin shell collapses with radiation,
this situation will return to the first constraint and leave
nothing behind to detect. If the expected energy of the
interaction region is very large or small, the interaction
region will form a Schwarzschild black hole whose future
is needed to concern, because the evolution product may
be detected which can prove the whole theory.
Although the wave function avoids the curvature singu-
larity, it cannot solve the black hole information paradox
which needs to introduce Fireworks Model.
So the first quantum region for the collapsing shell
should be:
ε ∼
(
M − ω
m3P
) 1
3
lP (42)
In addition, the duration time τ defined by the Eq.(8)
must large than the time required by the quantum effects
for leaking out the event horizon. Thus bring the Eq.(7)
and Eq.(8) together, we have
√
1− 2(M−ω)R
(
2R− 8(M − ω) ln ν0 + 4(M − ω) ln R−2(M−ω)2(M−ω)
)
− 2R > 2k (M−ω)2lP (43)
where R = 2M , that is
8(M − ω) ln ν0 < 4M + 4(M − ω) ln ω
M − ω
−
√
M
ω
(4M + 2k
(M − ω)2
lP
) (44)
If the thin shell have satisfied the above equations, the
thin shell will bounce to the outside of the event horizon.
This result tells us that the gravitational waves
will disappear in the spacetime after colliding and the
6Schwarzschild black hole can form by colliding gravita-
tional waves.
VII. CONCLUSION
In this paper, we have taken quantum effects into ac-
count to the interaction region of degenerated Ferrari
Iban˜ez solutions, therefore we could constrain all the
possible extensions. When the interaction region satis-
fies the first constraint, the interaction region can only
select the extension of time reverse. However, in the sec-
ond constraint, there exist innumerable extensions for the
spacetime. Especially, when the expected energy is very
large or small, the interaction region can only take the
Schwarzschild exterior solution, which means that thin
shell collapses without any radiation.
Most importantly, if the laboratory wants to the gravi-
tational waves collide to form a Schwarzschild black hole,
then the expected energy of the interaction region must
be small.
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